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A parabolic Monge-Ampe`re type equation of Gauduchon metrics
Tao Zheng
Abstract. We prove the long time existence and uniqueness of solution to a parabolic Monge-
Ampe`re type equation on compact Hermitian manifolds. We also show that the normalization
of the solution converges to a smooth function in the smooth topology as t approaches infinity
which, up to scaling, is the solution to a Monge-Ampe`re type equation. This gives a parabolic
proof of the Gauduchon conjecture based on the solution of Sze´kelyhidi, Tosatti and Weinkove to
this conjecture.
1. Introduction
Let (M,α) be a compact complex Hermitian manifold with dimCM = n ≥ 2. Then the real (1, 1)
form associated to the Hermitian metric α (denoted by itself) is defined by
α =
√−1αijdzi ∧ dzj.
The Hermitian metric α is called Ka¨hler if dα = 0, Astheno-Ka¨hler (see [24]) if ∂∂αn−2 = 0,
balanced (see [29]) if dαn−1 = 0, Gauduchon (see [13]) if ∂∂αn−1 = 0, and strongly Gauduchon
(see [31]) if ∂αn−1 is ∂-exact.
If (M,α) is a Ka¨hler manifold, then Yau’s solution [50] to the Calabi conjecture (see [2] for a
parabolic proof using the estimates in [50]) says that for any given smooth positive volume form σ
on M satisfying
∫
M σ =
∫
M α
n, there exists a unique Ka¨hler metric ω with [ω] = [α] ∈ H2(M,R)
such that
ωn = σ.(1.1)
Moreover, Yau’s theorem is equivalent to the following statement. Given any Ψ ∈ c1(M), the first
Chern class, we can find a unique Ka¨hler metric ω with [ω] = [α] ∈ H2(M,R) such that
Ric(ω) = Ψ,(1.2)
where Ric(ω) is the Ricci form of the Ka¨hler metric ω and can be defined as
Ric(ω) = −√−1∂∂ log detω.
It is natural to ask whether there hold similar results when M does not admit a Ka¨hler metric,
but only a Hermitian metric α. If there is no restriction on the class of Hermitian metrics, then
we can solve (1.1) trivially by a conformal change of metric.
Tosatti and Weinkove [40] proved that for any Hermitian metric α onM , there exists a Hermitian
metric ω of the form ω = α+
√−1∂∂u with u ∈ C∞(M,R) such that (1.2) holds. (cf. [3, 17, 39]
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and see [17] for a parabolic proof based on [40]). Chu, Tosatti and Weinkove [6] recently proved
similar results on almost Hermitian manifolds, based on which Chu [5] gave a parabolic proof.
Gauduchon [13] showed that there exists a unique Gauduchon metric up to scaling (when n ≥ 2)
in the conformal class of any Hermitian metric α.
Motivated by Yau’s solution to the Calabi conjecture, Gauduchon [14, Chapter IV.5] proposed
the following conjecture.
Conjecture 1.1 (Gauduchon [14]; 1984). Let M be a compact Hermitian manifold and Ψ be a
closed real (1, 1) form on M with [Ψ] = cBC1 (M) ∈ H1,1BC(M,R). Then there exists a Gauduchon
metric satisfying (1.2), where Ric(ω) is the Chern-Ricci form of ω and can be expressed as
Ric(ω) = −√−1∂∂ log detω.
Here H1,1BC(M,R) is the Bott-Chern cohomology group and its definition can be found in Section
2.
This conjecture can also be restated as follows.
Conjecture 1.2. Let M be a compact complex Hermitian manifold and σ be a smooth positive
volume form. Then there exists a Gauduchon metric ω on M satisfying (1.1).
Very recently, Sze´kelyhidi, Tosatti andWeinkove [37] solved this conjecture based on their previous
works [36, 43, 44]. More precisely, they proved
Theorem 1.3 (Sze´kelyhidi, Tosatti and Weinkove [37]; 2015). Let M be a compact complex
Hermitian manifold with a Gauduchon metric α0, and Ψ be a closed real (1, 1) form on M with
[Ψ] = cBC1 (M,R) ∈ H1,1BC(M,R). Then there exists a Gauduchon metric ω with [ω]A = [αn−10 ]A ∈
Hn−1,n−1A (M,R) solving (1.2).
Here Hn−1,n−1A (M,R) is the Aeppli cohomology group and its definition can be found in Section
2.
Tosatti and Weinkove [44] deduced that to obtain this theorem it is sufficient to solve the following
partial differential equation, which was also independently introduced by Popovici [33]. They
sought a Hermitian metric ω on M with the property that
ωn−1 =αn−10 + ∂
(√−1
2
∂u ∧ αn−2
)
+ ∂
(√−1
2
∂u ∧ αn−2
)
(1.3)
=αn−10 +
√−1∂∂u ∧ αn−2 +Re (√−1∂u ∧ ∂(αn−2)) ,
where u ∈ C∞(M,R) and α is a background Gauduchon metric. If α0 is Gauduchon, then the
metric ω is also Gauduchon. Note that there exists an F ∈ C∞(M,R) such that Ric(α) =
Ψ +
√−1∂∂F . Now we can deduce that (1.3) is equivalent to
ωn = eF+bαn
with some constant b ∈ R. Note that Sze´kelyhidi, Tosatti and Weinkove [37] solved the following
equivalent equation (their paper solved a family of Monge-Ampe`re type equations including this
one)
log
det
(
∗ ωn−1(n−1)!
)
detα
= log
(
detω
detα
)n−1
= (n− 1)(F + b),
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i.e.,
log
(
̟ + 1n−1
[
(∆u)α−√−1∂∂u]+ Z(u))n
αn
= (n− 1)(F + b),(1.4)
where ̟ = 1(n−1)! ∗ αn−10 , ∆u = αji∂i∂ju,
ω˜ := ̟ +
1
n− 1
[
(∆u)α−√−1∂∂u]+ Z(u) =: √−1g˜ijdzi ∧ dzj > 0,(1.5)
and
Z(u) =
1
(n− 1)! ∗ Re
[√−1∂u ∧ ∂(αn−2)] .(1.6)
This question is a variant of the one introduced by Fu, Wang and Wu [10] and also related to the
notion of (n− 1)-plurisubharmonic (Psh) functions (see [21, 22]).
More remarks about Conjecture 1.1 (also Conjecture 1.2) and applications of the methods in the
proof of Theorem 1.3 can be found in [37] and references therein.
In this paper, for any ψ ∈ C∞(M,R), we consider a parabolic version of (1.4), analogs to [2, 17, 5],
as follows.
∂
∂t
u = log
(
̟ + 1n−1
[
(∆u)α−√−1∂∂u]+ Z(u))n
αn
− ψ(1.7)
with u(0) = u0 ∈ C∞(M,R). In the following, we use (1.5) and (1.6) with u evolved by (1.7).
It is easy to deduce that (1.7) is equivalent to the following flow
∂
∂t
αn−1t =− (n− 1)
(
Ric(αt)− Ric(α) + 1
n− 1
√−1∂∂ψ
)
∧ αn−2
+ (n− 1)Re
(√−1∂ (log αnt
eψ/(n−1)αn
)
∧ ∂(αn−2)
)
,
with initial metric
α(0)n−1 = αn−10 +
√−1∂∂u0 ∧ αn−2 +Re
(√−1∂u0 ∧ ∂(αn−2)) > 0.
This flow preserves the Gauduchon condition if the initial metric α0 is Gauduchon. Indeed, taking
∂∂ on both sides of (1.8), we can obtain
∂
∂t
∂∂αn−1t = (n − 1)∂∂
(
∂γ + ∂γ
)
= 0,
where
γ =
√−1
2
∂
(
log
αnt
eψ/(n−1)αn
)
∧ αn−2,
as required. When n = 2 this flow can be seen as the “twisted” Chern-Ricci flow (cf. [9, 17, 18,
19, 41, 42, 46, 49, 51]). We show
Theorem 1.4. Let (M,α0) be a compact Hermitian manifold with dimCM = n ≥ 3 and α be a
Gauduchon metric on M . Then there exists a unique solution u to (1.7) on M × [0, ∞) and if
we define the normalization of u by
u˜(x, t) := u(x, t)− 1
Volα(M)
∫
M
u(y, t)αn(y),
then u˜ converge smoothly to a function u˜∞ as t −→∞, and u˜∞ is the unique solution to (1.4) by
taking ψ = (n− 1)F , up to adding a constant b˜ ∈ R defined as in (8.3).
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This gives a parabolic proof of the Gauduchon conjecture based on the solution of Szekelyhidi,
Tosatti and Weinkove to this conjecture [37]. It is analogous to H.-D. Cao’s parabolic proof of
the Calabi conjecture [2] based on Yau’s work [50], and to Gill’s result in the Hermitian case [17]
based on Tosatti and Weinkove [40].
Remark 1.5. We can also consider another kind of parabolic flow of Gauduchon metrics, a
revised version of Gill [20], given by
∂
∂t
αn−1t = −(n− 1)Ric(αt) ∧ αn−2 + (n− 1)Re
(√−1∂(log αnt
αn
)
∧ ∂(αn−2)
)
(1.8)
with α(0) = α0. Note that in the case n = 2 this flow is exactly the Chern-Ricci flow.
If the initial metric α0 is Gauduchon and α is Astheno-Ka¨hler, then it is easy to deduce that the
flow (1.8) preserves the Gauduchon condition. Taking Aeppli cohomology, we can deduce
d
dt
[αn−1t ]A = −(n− 1)[Ric(α) ∧ αn−2]A,
the right side of which is independent of time t. Note that Gill [20] also introduced a parabolic
flow suggested by Tosatti and Weinkove [43, 44]
∂
∂t
αn−1t = −(n− 1)Ric(αt) ∧ αn−2(1.9)
which also preserves the Gauduchon condition under the same assumptions as above. However,
if we take Aeppli Cohomology on the both sides of (1.9), then we get
d
dt
[αn−1t ]A = −(n− 1)[Ric(αt) ∧ αn−2]A,
the right side of which is dependent on the time t.
If M is non-Ka¨hler Calabi-Yau manifold, i.e., cBC1 (M) = 0, then we can take α to be the Chern-
Ricci flat Hermitian metric by Tosatti and Weinkove [40] and then it is easy to see that the flow
(1.8) also preserves the Gauduchon condition.
Using the method in this paper originated from [43, 44, 37], it follows that there exists a unique
solution to (1.8) on M × [0, T ), where
T := sup
{
t ≥ 0 : ∃ ψ ∈ C∞(M, R) such that
Φt +
√−1∂∂ψ ∧ αn−2 +Re [√−1∂ψ ∧ ∂(αn−2)] > 0},
with
Φt := α
n−1
0 − t(n− 1)Ric(α) ∧ αn−2.
This solves a conjecture revised from [20, Conjecture 1.2].
Remark 1.6. Let M be a compact complex manifold with two Hermitian metrics ω0 and ω, and
dimCM = n. Then for any F ∈ C∞(M,R), Tosatti and Weinkove [43, 44] proved that there
exists a unique pair (u, b) with u ∈ C∞(M,R) and b ∈ R such that
(1.10) det
(
ωn−10 +
√−1∂∂u ∧ ωn−2) = eF+b det (ωn−1) ,
with
ωn−10 +
√−1∂∂u ∧ ωn−2 > 0, sup
M
u = 0.
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If ω is Ka¨hler, then this is a conjecture of Fu and Xiao [12](see also [10, 11, 32]). We can also
consider the parabolic version of (1.10)
(1.11)
∂
∂t
u = log
(
ωh +
1
n−1((∆u)ω −
√−1∂∂u)
)n
Ω
,
for a fixed volume form Ω and ωh =
1
(n−1)! ∗ ωn−10 , where ∗ is respect to ω. Tosatti and Weinkove
[43, Remark 1.5] conjectured that the solutions to (1.11) exist for all time and converge (after
normalization) to give solutions to (1.10) up to a constant. Using the method in this paper, we
can confirm this conjecture.
The paper is organized as follows. In section 2, we collect some basic concepts about Hermitian
manifolds. In section 3, we give the uniform bounds of the normalization of the solution u˜ to (1.7).
In section 4 and Section 5, we give the second and first order priori estimates of the solution u to
(1.7) respectively. In Section 6, we prove the long time existence and uniqueness of the equation
(1.7) claimed as in the first part of Theorem 1.4. In Section 7, we give the Harnack inequality
for the equation (3.1) which will be used to prove the convergence of the normalization of the
solution to (1.7) claimed as in the second part of Theorem 1.4 in Section 8.
Acknowledgements The author thanks Professor Valentino Tosatti and Professor Ben Weinkove
for suggesting him this problem. The warmest thanks goes to Professor Valentino Tosatti for his
helping the author overcoming the difficulties in the preparation for this paper, pointing out some
mistakes in calculation, offering more references and so many other useful comments on an earlier
version of this paper. The author also thanks Professor Jean-Pierre Demailly for some useful
comments and Doctor Wenshuai Jiang for some helpful discussions. The author is also grateful
to the anonymous referees and the editor for their careful reading and helpful suggestions which
greatly improved the paper.
2. Preliminaries
In this section, to avoid confusions, we collect some preliminaries about Hermitian geometry which
will be used in this paper.
Let (M,J, g) be a Hermitian manifold with dimCM = n, J be the canonical complex structure
and g be the Riemannian metric with g(JX, JY ) = g(X, Y ) for any vector fields X, Y ∈ X(M).
Then in the real local coordinates (x1, · · · , x2n) with
J
(
∂/∂xi
)
= ∂/∂xn+i, J
(
∂/∂xn+i
)
= −∂/∂xi, i = 1, · · · , n,
we have
gij = gn+i,n+j, gi,n+j = −gn+i,j, gαβ = gβα, i, j = 1, · · · , n, α, β = 1, · · · , 2n,
where gαβ = g
(
∂/∂xα, ∂/∂xβ
)
. We can define a real 2-form ω by
ω(X, Y ) := g(JX, Y ), ∀ X, Y ∈ X(M).
This form is determined uniquely by g and vice versa. We define the volume element as usual by
dV =
√
det(gαβ)dx
1 ∧ · · · ∧ dx2n.
For any p form ϕ
ϕ =
1
p!
ϕi1···ipdx
i1 ∧ dxip,
5
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the star ∗ operator is defined by
ψ ∧ ∗ϕ = 1
p!
ψj1···jpg
j1ℓ1 · · · gj1ℓpϕℓ1···ℓp ∗ 1 =
1
p!
ψj1···jpg
j1ℓ1 · · · gj1ℓpϕℓ1···ℓpdV,(2.1)
where ψ = 1p!ψi1···ipdx
i1 ∧ · · · ∧ dxip is another p form. We define inner product by
〈ψ, ϕ〉 := 1
p!
ψj1···jpg
j1ℓ1 · · · gj1ℓpϕℓ1···ℓp .
It is easy to deduce that
∗ϕ = 1
p!(2n− p)!
√
det(gαβ)δj1···jpk1···k2n−pg
j1ℓ1 · · · gj1ℓpϕℓ1···ℓpdxk1 ∧ · · · dxk2n−p ,(2.2)
where δj1···jpk1···k2n−p is the general Kronecker symbol. It is easy to get
∗ ∗ ϕ = (−1)2np+pϕ,(2.3)
where note that dimRM = 2n.
In the complex local coordinates
z = (z1, · · · , zn) = (x1 +√−1xn+1, · · · , xn +√−1x2n),
we denote ∂i = ∂/∂z
i, ∂j = ∂/∂z
j , i, j = 1, · · · , n. Then we have
g =
n∑
i,j=1
gij
(
dzi ⊗ dzj + dzj ⊗ dzi) ,
ω =
√−1
n∑
i,j=1
gijdz
i ∧ dzj,(2.4)
where gij =
1
2
(
gi,j +
√−1gi,n+j
)
. Then we can choose ω
n
n! as the volume element. Therefore, for
any (p, q) form
φ =
1
p!q!
φi1···ipj1···jqdz
i1 ∧ · · · ∧ dzip ∧ dzj1 ∧ · · · ∧ dzjq ,
using (2.1) and (2.2), we can deduce (see for example [28])
∗φ =(
√−1)n(−1)np+n(n−1)2 det g
(n− p)!(n − q)!p!q! φi1···ipj1···jqg
ℓ1i1 · · · gℓpipgj1k1 · · · gjqkq(2.5)
δ1······nℓ1···ℓpb1···bn−pδ
1······n
k1···kqa1···an−qdz
a1 ∧ dzan−q ∧ dzb1 ∧ dzbn−p
and
̟ ∧ ∗φ = 1
p!q!
̟ℓ1···ℓpk1···kqφi1···ipj1···jqg
i1ℓ1 · · · gipℓpgk1j1 · · · gkqjq ω
n
n!
,
where̟ = 1p!q!̟i1···ipj1···jqdz
i1∧· · ·∧dzip∧dzj1∧· · ·∧dzjq is another (p, q) form and det g = det(gij).
We also define inner product by
〈̟, φ〉 := 1
p!q!
̟ℓ1···ℓpk1···kqφi1···ipj1···jqg
i1ℓ1 · · · gipℓpgk1j1 · · · gkqjq .
Note that
∗1 = ω
n
n!
, ∗φ = ∗φ,
where the second equality shows that ∗ is a real operator. From (2.3), we can deduce
∗ ∗ φ = (−1)p+qφ.
The following basic concepts of positivity can be found in for example [7, Chapter III].
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A (p, p) form ϕ is said to be positive if for any (1, 0) forms γj , 1 ≤ j ≤ n− p, then
ϕ ∧√−1γ1 ∧ γ1 ∧ · · · ∧
√−1γn−p ∧ γn−p
is a positive (n, n) form. Any positive (p, p) form ϕ is real, i.e., ϕ = ϕ. In particular, in the local
coordinates, a real (1, 1) form
φ =
√−1φijdzi ∧ dzj(2.6)
is positive if and only if (φij) is a semi-positive Hermitian matrix and we denote detφ := det(φij).
Similarly, a real (n− 1, n − 1) form
ψ =(
√−1)n−1
n∑
i,j=1
(−1)n(n+1)2 +i+j+1ψji(2.7)
dz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ d̂zj ∧ · · · ∧ dzn
is positive if and only if (ψji) is a semi-positive Hermitian matrix and we denote detψ := det(ψji).
We remark that one can call a real (1, 1) form φ ( resp. a real (n − 1, n − 1) form ψ) strictly
positive if the Hermitian matrix (φij) (resp. (ψ
ji)) is positive definite.
For a strictly positive (1, 1) form φ defined as in (2.6), we can deduce a strictly positive (n−1, n−1)
form
φn−1
(n− 1)! =(
√−1)n−1
n∑
k,ℓ=1
(−1)n(n+1)2 +k+ℓ+1det(φij)φ˜ℓk(2.8)
dz1 ∧ · · · ∧ d̂zk ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ d̂zℓ ∧ · · · ∧ · · · ∧ dzn
where (φ˜ℓk) is the inverse matrix of (φij), i.e.,
n∑
ℓ=1
φ˜ℓjφkℓ = δ
j
k. Hence we have
det
(
φn−1
(n− 1)!
)
= (detφ)n−1 .(2.9)
Furthermore, we have
Lemma 2.1. Let (M,g) be a complex n-dimensional Hermitian manifold. Then there exists a
bijection from the space of strictly positive definite (1, 1) forms to strictly positive definite (n −
1, n − 1) forms, given by
φ 7→ φ
n−1
(n− 1)! .
The above bijection can be found in [29] and proved by orthonormal basis. We can also use (2.7)
and (2.8) to give the explicit formulae involved (cf. [30, Formula (3.3)]).
For a real (1, 1) form φ defined as in (2.6) (no need to be positive), (2.5) implies
∗φ =(√−1)n−1
n∑
k,ℓ=1
(−1)n(n−1)2 +n+k+ℓ+1(detω)φℓk(2.10)
dz1 ∧ · · · ∧ d̂zk ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ d̂zℓ ∧ · · · ∧ dzn,
where φℓk = gℓiφijg
jk. Hence, if ξ is another real (1, 1) form with det ξ 6= 0, then we can deduce
det(∗φ)
det(∗ξ) =
detφ
det ξ
.(2.11)
7
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We need the following useful formulae and the proofs are direct and complicated computation.
Lemma 2.2 (see for example [44]). For any real (1, 1) form χ =
√−1χijdzi ∧ dzj , we have
∗(χ ∧ ωn−2) = (n− 2)! [(trωχ)ω − χ] .(2.12)
The Christoffel symbols, torsion and curvature of the Chern connection (see for example [41]) are
Γkij =g
qk∂igjq, T
k
ij = Γ
k
ij − Γkji,
Rijk
ℓ =− ∂jΓℓik, Rijkℓ = Rijkpgpℓ.
Denote
Tijℓ := T
k
ijgkℓ = g
qk (∂igjq − ∂jgiq) gkℓ = ∂igjℓ − ∂jgiℓ.
For a (1, 0) form a = aℓdz
ℓ, define covariant derivative ∇iaℓ by
∇iaℓ := ∂iaℓ − Γpiℓap.
Then we can deduce
[∇i,∇j ]aℓ = −Rijℓpap, [∇i,∇j]am = Rijqmaq,(2.13)
where Rij
q
m = Rijp
ℓgqpgℓm. For any u ∈ C∞(M,R), we have
∇iu = ∂iu =: ui, ∇ju = ∂ju =: uj , ∇j∇iu = ∂j∂iu =: uij , [∇i,∇j ]u = −T pijup.(2.14)
Using (2.13), we can get the following commutation formulae:
∇ℓuij =∇j∇ℓui −Rℓjipup, ∇mupj = ∇jupm − T qmjupq, ∇ℓuiq = ∇iuℓq − T pℓiupq,(2.15)
∇m∇ℓuij =∇j∇iuℓm +Rℓmipupj −Rijℓpupm − T pℓi∇jupm − T qmj∇iuℓq − T piℓT qmjupq.
Lemma 2.3. For any u ∈ C∞(M,R), we have
∗(∂u ∧ ∂(ωn−2)) = (n− 2)!
(
upT ℓℓq − T ℓℓjgjiuigpq − gpℓgℓ1kukT ℓℓ1q
)
dzp ∧ dzq(2.16)
Note that ∗ is a real operator. From Lemma 2.3, we can deduce the formula in [37] as follows.
Corollary 2.4. For any u ∈ C∞(M,R), we have
Z(u) :=
1
(n− 1)! ∗
[
Re
(√−1∂u ∧ ∂(ωn−2))] = √−1Zpqdzp ∧ dzq,(2.17)
where
Zpq =
1
2(n − 1)
[
upT ℓℓq − T ℓℓjgjiuigpq − gpℓgℓ1kukT ℓℓ1q(2.18)
+uqT
ℓ
ℓp − T ℓℓjgijuigpq − gℓqgkℓ1ukT ℓℓ1p
]
.
We can also write
Zpq = Z
i
pqui + Z
i
qpui,
where
Zipq =
1
2(n − 1)
(
δipT
ℓ
ℓq − T ℓℓjgjigpq − gpℓgkiT ℓkq
)
.(2.19)
Note that Z(u) is linear in ∇u. The following useful lemma is simple and we will use it without
pointing it out again and again (cf.[20]).
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Lemma 2.5. For any f ∈ C∞(M,R), at the point where √−1∂∂f ≤ (≥)0, we have
(∆gf)ω −
√−1∂∂f ≤ (≥)0,
where ∆gf = g
ji∂i∂jf . At the point where ∇f = 0, we have Z(f) = 0.
To end this section, we introduce some terminology concerning cohomology classes of (n−1, n−1)
forms. Define the Aeppli cohomology group (see [44])
Hn−1,n−1A (M,R) :=
{∂∂-closed real (n− 1, n − 1) forms}
{∂γ + ∂γ : γ ∈ Λn−2,n−1(M)} .
This space is naturally in duality with the finite dimensional Bott-Chern cohomology group with
the nondegenerated pairing
Hn−1,n−1A (M,R)⊗H1,1BC(M,R) −→ R
given by wedge product and integration over on M (see [1]), where
H1,1BC(M,R) =
{d-closed real (1, 1) forms}
{√−1∂∂ψ : ψ ∈ C∞(M,R)} .
For any u ∈ C∞(M,R), define
γ :=
√−1
2
∂u ∧ χn−2,
where χ is a real (1, 1) form. Then we have
βu := ∂γ + ∂γ =
√−1∂∂u ∧ χn−2 +Re (√−1∂u ∧ ∂(χn−2)) .(2.20)
βu is ∂∂- closed. Indeed, it is the (n− 1, n− 1) part of the d-exact (2n− 2) form d
(
dcu ∧ χn−2),
where
dc =
√−1
2
(∂ − ∂)
with ddc =
√−1∂∂. Let α and α′ be Hermitian metrics on M . Then
√−1∂∂
(
log
αn
α′n
)
∧ χn−2 +Re
[√−1∂ (log αn
α′n
)
∧ ∂(χn−2)
]
,
is well-defined ∂∂-closed since
log
αn
α′n
∈ C∞(M,R).
3. Preliminary estimates
Define a linear operator
(3.1) L(ϕ) := Θji∂i∂jϕ+ g˜
jiZ(ϕ)ij = Θ
ji∂i∂jϕ+ trω˜Z(ϕ)
with
Θji =
1
n− 1
(
(trω˜α)α
ji − g˜ji
)
> 0.
Obviously, L is a second order elliptic operator. Noting that L is the linearized operator of (1.7),
standard parabolic theory implies that there exists a smooth solution u to (1.7) on [0, T ), where
[0, T ) is the maximal time interval with T ∈ (0, ∞]. We will prove T = ∞. First, we give a
preliminary estimate as follows.
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Lemma 3.1. Let u be the solution to (1.7) on M × [0, T ). Then there exists a uniform constant
C, i.e., depending only on the initial data on M , such that
sup
M×[0, T )
∣∣∣∣∂u∂t (x, t)
∣∣∣∣ ≤ C.(3.2)
Proof. From (1.7), we get the evolution equation for u˙ := ∂∂tu
(3.3)
∂
∂t
u˙ = L(u˙).
By the maximum principle, we get
sup
M×[0, T )
∣∣∣∣∂u∂t (x, t)
∣∣∣∣ ≤ sup
M
∣∣∣∣∂u∂t (x, 0)
∣∣∣∣
≤
∥∥∥∥∥∥log
(
̟ + 1n−1
[
(∆u0)α−
√−1∂∂u0
]
+ Z(u0)
)n
αn
∥∥∥∥∥∥
L∞(M)
+ ‖ψ‖L∞(M),
as required. 
Next, using Lemma 3.1, we can get the estimate of u˜.
Proposition 3.2. Let u be the solution to (1.7) on M × [0, T ). Then there exists a uniform
constant C such that
sup
M×[0, T )
|u˜(x, t)| ≤ C.(3.4)
Proof. We can rewrite (1.7) as
(3.5) log
(
̟ + 1n−1
[
(∆u)α−√−1∂∂u]+ Z(u))n
αn
= ψ + u˙.
Then by [44, Theorem 1.6] (see also [36, Remark 12]), there exists a constant C ′ depending only
on the initial data on M and supM |ψ + u˙|, such that
(3.6) sup
M
|u(x, t)− u(y, t)| ≤ C ′
By Lemma 3.1, if follows that supM |ψ+u˙| is uniformly bounded, and hence C ′ in(3.6) is a uniform
constant. Since we have
∫
M u˜α
n = 0 by definition, there exists a point (y, t) such that u˜(y, t) = 0
and hence for any (x, t) ∈M × [0, T ), we get
(3.7) |u˜(x, t)| = |u˜(x, t)− u˜(y, t)| = |u(x, t) − u(y, t)| ≤ C,
as required. 
4. Second order estimate
We can use the ideas from [37] in the elliptic setting to prove the second estimate.
Theorem 4.1. Let u be the solution to (1.7) on M × [0, T ). Then there exists a uniform C > 0
such that
sup
M×[0, T )
|√−1∂∂u|α ≤ CK,(4.1)
10
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where
K = 1 + sup
M×[0, T )
|∇u|2α.
We need some preliminaries. For any real (1, 1) form ξ, we define
Pα(ξ) :=
1
n− 1
(
(trαξ)α− ξ
)
=
1
(n− 1)! ∗ (ξ ∧ α
n−2).
Note that trαξ = trα (Pα(ξ)) and
ξ = (trα (Pα(ξ)))α− (n− 1)Pα(ξ).
Denote
χij =(trα̟)αij − (n− 1)̟ij ,
with Pα(χ) = ̟, and
W (u)ij = (trαZ(u))αij − (n− 1)Z(u)ij =:W pijup +W
p
ji
up.
Then we define
gij = χij + uij +W (u)ij(4.2)
with Pα(gij) = g˜ij .
In orthonormal coordinates for α at any given point, it follows that the component Zij is in-
dependent of ui and uj , and that ∇iZii is independent of ui, ui, uii,∇iui. Indeed, in such local
coordinates, from (2.18), we have
Zii =
1
2(n − 1)
∑
p 6=i
∑
k 6=i
upT
k
pk +
∑
p 6=i
∑
k 6=i
upT
k
pk
 ,
∇iZii =
1
2(n − 1)
∑
p 6=i
∑
k 6=i
(
∇iupT kpk + up∇iT kpk
)
+
∑
p 6=i
∑
k 6=i
(
uipT
k
pk + up∇iT kpk
) ,
Zij =
1
2(n − 1)
−∑(uiT kjk + ukTkji)−∑
k 6=i
(
ujT
k
ik + ukTkij
) ,
where i 6= j are fixed indices and in the last equality, we use the skew-symmetry of the torsion,
as desired.
Furthermore, ∇i∇iZii is independent of ∇iui,∇iui,∇i∇iui and ∇iuii. For any index p, ∇iZpi is
independent of ∇iui. In this following part of this section, we will use these properties directly
and do not prove them again.
Denote
(
B˜i
j
)
=
(
g˜iℓα
ℓj
)
which can be seen as the endomorphism of T 1,0M . This endomorphism
is Hermitian with respect to the Hermitian metric α, i.e., for any tangent vectors X = Xi∂i and
Y = Y j∂j , we have
〈B˜X, Y 〉α = B˜ikXiαkℓY ℓ = g˜iqαqkXiαkℓY ℓ = g˜iℓXiY ℓ = XiαijB˜pjY p = 〈X, B˜Y 〉α.
We define
F˜ (B˜) = log det B˜ = log(µ1 · · ·µn) =: f˜(µ1, · · · , µn),
where µ1, · · · , µn are the eigenvalues of
(
B˜i
j
)
. Then (1.7) can be rewritten as
F˜ (B˜) = u˙+ ψ =: h.(4.3)
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For f˜ and h, we have
(i) f˜ is defined on
Γ˜ := Γn =
{
(x1, · · · , xn) ∈ Rn : xi > 0, i = 1, · · · , n
}
.
(ii) f˜ is symmetric, smooth, concave and increasing, i.e., f˜i > 0 for all i.
(iii) sup∂Γ˜ f˜ ≤ infM×[0,T ) h.
(iv) For any µ ∈ Γ˜, we get limt→∞ f˜(tµ) = supΓ˜ f˜ =∞.
(v) h is bounded on M × [0, T ) thanks to the estimate of |u˙| in Lemma 3.1.
We also define
F (A) := F˜ (B˜) =: f(λ1, · · · , λn),
where (Ai
j) =
(
giℓα
ℓj
)
, which is also an endomorphism of T 1,0M with respect to the Hermitian
metric α, and λ1, · · · , λn are its eigenvalues. There exists a map
P : Rn −→ Rn, µk = 1
n− 1
∑
i 6=k
λi,(4.4)
induced by Pα above. Then we have
f(λ1, · · · , λn) = f˜ ◦ P (λ1, · · · , λn)
defined on Γ := P−1(Γ˜). Clearly, f satisfies the same conditions as f˜ . Then (4.3) can also be
rewritten as
F (A) = h.(4.5)
We make some simple calculation about f˜ and f . Since
f˜i =
1
µi
,(4.6)
we can get
fi =
1
n− 1
∑
k 6=i
1
µk
.(4.7)
Suppose that λ1 ≥ λ2 ≥ · · · ≥ λn ∈ Γ. From the definition of P , (4.6) and (4.7), we have
0 < µ1 ≤ µ2 ≤ · · · ≤ µn,
f˜1 ≥ f˜2 ≥ · · · ≥ f˜n,
0 < f1 ≤ f2 ≤ · · · ≤ fn,
n∑
k=1
λkfk =
n∑
k=1
µkf˜k = n.(4.8)
where we also use the fact that
(
B˜i
j
)
is positive definite. For k ≥ 2, we have
0 <
f˜1
n− 1 ≤ fk ≤ f˜1.(4.9)
and
f˜k ≤ (n− 1)f1.(4.10)
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Proposition 4.2. For any x ∈M , choose orthonormal coordinates for α at x, with g defined as
in (4.2) is diagonal with eigenvalues (λ1, · · · , λn). Then we have
|λ| ≥ R,
for a uniform constant R > 0, and for f(λ) = u˙+ ψ, there also holds two possibilities as follows.
(a) We have ∑
k
fk(λ)(χkk − λk)− |u˙| > κ
∑
k
fk(λ).(4.11)
(b) Or we have
fk(λ) > κ
n∑
i=1
fi(λ)(4.12)
for all k = 1, 2, · · · , n.
In addition, we have
n∑
k=1
fk(λ) > κ. Here 0 < κ < 1 is a uniform constant.
Proof. By the Cauchy-Schwarz inequality and the inequality of arithmetic and geometric means,
we get
|λ|2 ≥ (λ1 + · · · + λn)
2
n
=
(µ1 + · · ·+ µn)2
n
≥ n(µ1 · · · µn)
2
n = ne2h/n ≥ R2,
where for the last inequality we use the fact that F˜ (B˜) = u˙+ψ is uniformly bounded by Lemma
3.1.
Since χkk =
(
n∑
i=1
̟ii
)
− (n− 1)̟kk, (4.7) implies∑
k
fk(λ)χkk =
∑
k
f˜k(λ)̟kk =
∑
k
1
µk
̟kk > τ
∑
k
1
µk
= τ
∑
k
fk(λ),(4.13)
where we use the fact that ̟ has a uniform lower bound. If λ1 is relatively large, i.e., µ1 is
relatively small such that τ2µ1 > n+C ≥
n∑
k=1
λkfk(λ) + |u˙|, where C is the uniform bound of u˙ in
Lemma 3.1, then we have∑
k
fk(λ)χkk ≥
τ
2
∑
k
1
µk
+
τ
2
∑
k
1
µk
≥τ
2
∑
k
1
µk
+
τ
2µ1
≥τ
2
∑
k
1
µk
+ n+ C
≥τ
2
∑
k
fk(λ) +
n∑
k=1
λkfk(λ) + |u˙|,
as required. Otherwise, there exists a large constant A > 1 such that µ2 ≤ · · · ≤ µn ≤ Aµ1 since
u˙+ ψ = log(µ1 · · ·µn) is bounded and we just need to prove
fn ≥ · · · ≥ f1 = 1
n− 1
n∑
i=2
1
µi
≥ κ
n∑
i=1
1
µi
.
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To get this, we need to choose 0 < κ < 1 such that
(1− κ)
n∑
i=2
1
µi
≥ (1− κ)(n − 1)
Aµ1
≥ κ
µ1
,
as required.
In addition, using the inequality of arithmetic and geometric means, we can get
n∑
k=1
fk(λ) =
n∑
k=1
1
µk
≥ n(µ1 · · ·µn)−1/n = ne−h/n ≥ κ,
where we use the fact that h is uniformly bounded by Lemma 3.1. 
Now we need some basic formulae for the derivatives of eigenvalues (see for example [35]).
Lemma 4.3 (Spruck [35]). The derivative of the eigenvalue λi at a diagonal matrix (Ai
j) with
distinct eigenvalue are
λpqi =δpiδqi,(4.14)
λpq,rsi =(1− δip)
δiqδirδps
λi − λp + (1− δir)
δisδipδrq
λi − λr ,(4.15)
where
λpqi =
∂λi
∂Apq
, λpq,rsi =
∂2λi
∂Apq∂Ars
.
Lemma 4.4 (Gerhardt [16]). If F (A) = f(λ1, · · · , λn) in terms of a symmetric funtion of the
eigenvalues, then at a diagonal matrix (Ai
j) with distinct eigenvalues we have
F ij =δijfi,(4.16)
F ij,rs =firδijδrs +
fi − fj
λi − λj (1− δij)δisδjr,(4.17)
where
F ij =
∂F
∂Aij
, F pq,rs =
∂2F
∂Aij∂Ars
.
These formulae make sense even if the eigenvalues are not distinct, since if f is symmetric then
F is a smooth function on the space of matrices. In particular, we have fi −→ fj as λi −→ λj .
If f is concave and symmetric, then we have (see [35]) that
fi−fj
λi−λj
≤ 0. In particular, if λi ≤ λj ,
then we have fi ≥ fj. Also it follows that
F ij,rs
(
∇kuij
) (∇kurs) =fij (∇kuii)(∇kujj)+∑
p 6=q
fp − fq
λp − λq |∇kupq|
2(4.18)
≤fij (∇kuii)
(
∇kujj
)
+
∑
p>1
f1 − fp
λ1 − λp |∇kup1|
2.
Proof of Theorem 4.1. We use the ideas from [37] in the elliptic setting. Since here we consider
the parabolic equation, there are some new terms involved time t which we need to estimate and
we need Proposition 4.2 which is slightly different from [37, Proposition 2.3]. Also note that here
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we use covariant derivatives instead of partial derivatives used in [37]1. Hence we can be brief and
point out the main differences in the following part. It is sufficient to prove
λ1 ≤ CK.
Indeed, since
n∑
i=1
λi =
n∑
i=1
µi > 0, if λ1 ≤ CK then so is |λk|, k = 2, · · · , n, which implies (4.1).
To obtain this, we consider the function
H = log λ1 + φ
(|∇u|2α)+ ϕ(u),
where
φ(s) = −1
2
log
(
1− s
2K
)
, ϕ(s) = D1e
−D2s,
with sufficiently large uniform constants D1,D2 > 0 to be determined later. Note that
φ
(|∇u|2α) ∈ [0, 2 log 2]
and
1
4K
< φ′ <
1
2K
, φ′′ = 2(φ′)2.
We work at a point (x0, t0) where H achieves its maximum. Without loss of generality, we assume
0 < t0 < T . Choose orthonormal complex coordinates such that x0 is the origin, α is a unit matrix
and g is diagonal with λ1 = g11. To make sure that H is smooth at this point, we fix a diagonal
matrix B with B1
1 = 0, 0 < B2
2 < · · · < Bnn, and define A˜ = A − B with eigenvalues denoted
by λ˜1, · · · , λ˜n. Clearly, at this point (x0, t0), we have
λ˜1 = λ1, λ˜i = λi −Bii, i = 2, · · · , n
and λ˜1 > · · · > λ˜n. Noting that
n∑
i=1
λi =
n∑
i=1
µi > 0, we can assume that B is small enough such
that
n∑
i=1
λ˜i > −1
and ∑
p>1
1
λ1 − λ˜p
≤ C(4.19)
where C is a fixed constant depending only on n. We give some remarks about B. It can also
be considered as an endomorphism of T 1,0M , and is represented by a constant diagonal matrix
(Bi
j) in these local coordinates. Hence, we can deduce
∇jBrs =∂jBrs = 0, ∇i∇jBrs = 0,
∇iBrs =∂iBrs − ΓpirBps + ΓsipBrp = Γsir (Brr −Bss) ,
∇j∇iBrs =∂j∇iBrs = Rijrs (Bss −Brr) .
Now consider the quantity
H˜ = log λ˜1 + φ
(|∇u|2α)+ ϕ(u),
1The author thanks Professor Valentino Tosatti suggesting him this point.
15
Tao Zheng A parabolic Monge-Ampe`re type equation of Gauduchon metrics
which is smooth in this chart and attains its maximum at the point (x0, t0). The following
calculation is at this point. We may assume λ1 ≫ K > 1. We use subscripts k and ℓ to denote
the partial derivatives ∂/∂zk and ∂/∂zℓ. As in [37], we have
H˜q =
λ˜1,q
λ1
+ φ′Vq + ϕ
′uq = 0, for Vq := ururq + ur∇qur.(4.20)
H˜qq =
λ˜1,qq
λ1
− |λ˜1,q|
2
λ21
+ φ′
(
ur∇qurq + ur∇q∇qur + |∇qur|2 + |urq|2
)
(4.21)
+ φ′′|Vq|2 + ϕ′′|uq|2 + ϕ′uqq.
From (4.14), we get
λ˜1,p = λ˜
rs
1
(
αjs∇pgrj −∇pBrs
)
= ∇pg11 −∇pB11 = ∇pg11,(4.22)
where we use the fact that ∇pB11 = 0. Then using this formula and (4.14) and (4.15), we can
deduce
λ˜1,pq =λ˜
rs,ab
1
(
αjs∇pgrj −∇pBrs
)(
αℓb∇qgaℓ −∇qBab
)
+ λ˜rs1
(
αjs∇q∇pgrj −∇q∇pBrs
)
=λ˜rs,ab1 (∇pgrs −∇pBrs)
(∇qgab)+ λ˜rs1 (∇q∇pgrs −∇q∇pBrs)
=
∑
r 6=1
1
λ1 − λ˜r
(∇pgr1 −∇pBr1) (∇qg1r) +∑
a6=1
1
λ1 − λ˜a
(∇pg1a −∇pB1a) (∇qga1)
+∇q∇pg11,
where we also use the fact that ∇qBab = ∇q∇pB11 = 0. In particular, we have
λ˜1,qq =∇q∇qg11 +
∑
r>1
|∇qgr1|2 + |∇qg1r|2
λ1 − λ˜r
−
∑
r>1
(∇qBr1) (∇qg1r) + (∇qB1r) (∇qgr1)
λ1 − λ˜r
.(4.23)
From (4.5) and (4.16), we have
u˙k = F
rs∇k
(
grjα
js
)
− ψk = F rsαjs∇kgrj − ψk = F rr∇kgrr − ψk.(4.24)
Also from (4.16), we know that F kk = fk, F˜
kk = f˜k. For later use, we write F =
n∑
k=1
F kk ≥ κ.
The formula (4.24) together with (4.16) and (4.17) implies
u˙kℓ =F
rs,ab∇k
(
grjα
js
)
∇ℓ
(
gacα
cb
)
+ F rs∇ℓ∇k
(
grjα
js
)
− ψkℓ(4.25)
=F rs,ab
(
αjs∇kgrj
)(
αcb∇ℓgac
)
+ F rsαjs∇ℓ∇kgrj − ψkℓ
=F rs,ab (∇kgrs)
(∇ℓgab)+ F rr∇ℓ∇kgrr − ψkℓ.
Combining (4.14), (4.24) and (4.25) gives
∂tλ˜1 =λ˜
pq
1 ∂t
(
gpjα
jq
)
(4.26)
=λ˜pq1
(
u˙pj +W
r
pj
u˙r +W rjpu˙r
)
αjq
=W r
11
u˙r +W r11u˙r + u˙11
=W r
11
(F qq∇rgqq − ψr) +W r11 (F
qq∇rgqq − ψr)
+ F rs,ab (∇1grs)
(∇1gab)+ F qq∇1∇1gqq − ψ11
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Thanks to (4.24) and (4.26), it follows
∂tH˜ =
∂tλ˜1
λ1
+ φ′(uru˙r¯ + u˙rur¯) + ϕ
′u˙,(4.27)
=
1
λ1
[
W r
11
(F qq∇rgqq − ψr) +W r11 (F
qq∇rgqq − ψr) + F qq∇1∇1gqq − ψ11
]
+
1
λ1
F rs,ab (∇1grs)
(∇1gab)
+ φ′ur¯ (F
qq∇rgqq − ψr) + φ′ur (F qq∇rgqq − ψr) + ϕ′u˙.
Combining (4.21), (4.23) and (4.27), we get
0 ≥F qqH˜qq − ∂tH˜(4.28)
=− F
qq|λ˜1,q|2
λ21
+
1
λ1
F qq (∇q∇qg11 −∇1∇1gqq)−
1
λ1
F rs,ab (∇1grs)
(∇1gab)
− 1
λ1
(
W r
11
(F qq∇rgqq − ψr) +W r11 (F
qq∇rgqq − ψr)
)
+
1
λ1
ψ11
+
F qq
λ1
(∑
r>1
|∇qgr1|2 + |∇qg1r|2
λ1 − λ˜r
−
∑
r>1
(∇pBr1) (∇qg1r) + (∇pB1r) (∇qgr1)
λ1 − λ˜r
)
+ φ′F qq
(
ur∇qurq + ur∇q∇qur + |∇qur|2 + |urq|2
)
+ φ′′F qq|Vq|2 + ϕ′′F qq|uq|2 + ϕ′F qquqq
− φ′ur¯ (F qq∇rgqq − ψr)− φ′ur (F qq∇rgqq − ψr)− ϕ′u˙.
Using (2.15) implies
∇q∇qg11 −∇1∇1gqq(4.29)
=∇q∇qχ11 −∇1∇1χqq +∇q∇qu11 −∇1∇1uqq +∇q∇qW (u)11 −∇1∇1W (u)qq
=∇q∇qχ11 −∇1∇1χqq − 2Re
(
T rq1∇1uqr
)
+Rqq1
pup1 −R11qpupq − T p1qT rq1upr
+∇q∇qW (u)11 −∇1∇1W (u)qq.
Since W11 =W
r
11
ur +W r11ur, using the Ricci identity (2.15), we can get
∇q∇qW11 =ur∇q∇qW r11 + urq∇qW r11 +
(∇qW r11) (∇qur) +W r11∇q∇qur
+ ur∇q∇qW r11 + (∇qur)
(
∇qW r11
)
+ urq∇qW r11 +W r11∇qurq
=ur∇q∇qW r11 + urq∇qW r11 +
(∇qW r11) (∇qur)
+W r
11
∇ruqq −W r11T pqrupq +W r11Rqqrpup
+ ur∇q∇qW r11 + (∇qur)
(
∇qW r11
)
+ urq∇qW r11
+W r
11
∇ruqq −W r11T
p
qruqp
=ur∇q∇qW r11 + urq∇qW r11 +
(∇qW r11) (∇qur)
+W r
11
(∇rgqq −∇rχqq −∇rW (u)qq)−W r11T pqrupq +W r11Rqqrpup
+ ur∇q∇qW r11 + (∇qur)
(
∇qW r11
)
+ urq∇qW r11
+W r
11
(∇rgqq −∇rχqq −∇rW (u)qq)−W r11T
p
qruqp,
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which implies
F qq∇q∇qW11 − F qqW r11∇rgqq − F qqW r11∇rgqq ≥ −C
(∑
r
F qq|∇qur|+ λ1F
)
,(4.30)
where we use the fact that λ1 ≫ K > 1 and hence that |upq| can be controlled by λ1.
Since
W (u)ij = (trαZ(u))αij − (n− 1)Z(u)ij ,
(4.7) implies (as in [37])
F qq∇1∇1W (u)qq ≤ C
(∑
r
F qq|∇qur|+ |∇qg11|+ λ1F
)
.(4.31)
From Young’s inequality, it follows that∑
r>1
|∇qgr1|2 + |∇qg1r|2
λ1 − λ˜r
−
∑
r>1
(∇pBr1) (∇qg1r) + (∇pB1r) (∇qgr1)
λ1 − λ˜r
≥1
2
∑
r>1
|∇qgr1|2 + |∇qg1r|2
λ1 − λ˜r
− C,
where we also use (4.19). Since
(n− 1)λ1 + λ˜r ≥
n∑
i=1
λ˜i > −1,
we get (λ1 − λ˜r)−1 ≥ (nλ1 + 1)−1 for r > 1. Then Young’s inequality gives∑
r>1
|∇qgr1|2 + |∇qg1r|2
λ1 − λ˜r
−
∑
r>1
(∇pBr1) (∇qg1r) + (∇pB1r) (∇qgr1)
λ1 − λ˜r
(4.32)
≥ 1
2(nλ1 + 1)
∑
r>1
(|∇qgr1|2 + |∇qg1r|2)− C
≥ 1
4nλ1
∑
r>1
(|∇qgr1|2 + |∇qg1r|2)− C,
where for the second inequality we use the fact that λ1 > 1.
Using the Ricci identity, we can obtain
T rq1∇1uqr =T rq1∇qu1r − T rq1T p1qupr
=T rq1∇qg1r − T rq1∇qχ1r − T rq1∇qW (u)1r − T rq1T p1qupr,
which implies
− 2
λ1
Re
(
F qqT rq1∇1uqr
)
≥− 2F
qq
λ1
Re
(
T rq1∇qg1r
)
− C
(
1
λ1
∑
r
F qq|∇qur|+ F
)
,(4.33)
where we use the fact that |uij | can be controlled by λ1. Then we have
(4.32)
λ1
+ (4.33) ≥ −2F
qq
λ1
Re
(
T 1q1∇qg11
)
− C
(
1
λ1
∑
r
F qq|∇qur|+ F
)
,(4.34)
where we use that F ≥ κ and hence absorb the constant C into CF .
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Substituting (4.29), (4.31), (4.30) and (4.34) into (4.28), it follows that
0 ≥− F
qq|λ˜1,q|2
λ21
− 1
λ1
F rs,ab (∇1grs)
(∇1gab)(4.35)
− CF − C
λ1
(∑
r
F qq|∇qur|+ F qq|∇qg11|
)
+ φ′F qq
(
ur∇qurq + ur∇q∇qur + |∇qur|2 + |urq|2
)
+ φ′′F qq|Vq|2 + ϕ′′F qq|uq|2 + ϕ′F qquqq
− φ′ur¯ (F qq∇rgqq − ψr)− φ′ur (F qq∇rgqq − ψr)− ϕ′u˙.
Using the Ricci identity, we can get
φ′F qqur∇qurq =φ′F qqur
(
∇ruqq − T pqrupq
)
=φ′F qqur
(
∇rgqq −∇rχqq −∇rW (u)qq − T pqruqp
)
,
which implies
φ′F qqur (∇qurq −∇rgqq) ≥ − C
K1/2
(∑
r
|urq|F qq +
∑
r
|∇qur|F qq + F
)
(4.36)
where we use the fact that φ′ ≤ 1/(2K). Here we also use that |ur| can be controlled by λ1 and
hence can also be controlled by |upq|.
Similarly, we can also deduce
φ′F qqur∇q∇qur =φ′F qqur∇q
(∇ruq − T pqrup)
=φ′F qqur
(∇ruqq −Rrqqpup − up∇qT pqr − T pqrupq)
=φ′F qqur
(∇rgqq −∇rχqq −∇rW (u)qq −Rrqqpup − up∇qT pqr − T pqrupq) ,
which implies
φ′F qqur (∇q∇qur −∇rgqq) ≥ − C
K1/2
(∑
r
|urq|F qq +
∑
r
|∇qur|F qq + F
)
.(4.37)
From (4.35), (4.36), (4.37) and the fact that φ′ ≥ 1/(4K), we can get
0 ≥− F
qq|λ˜1,q|2
λ21
− 1
λ1
F rs,ab (∇1grs)
(∇1gab)(4.38)
−C (F + λ−11 F qq|∇qg11|)+∑
r
F qq
6K
(
|∇qur|2 + |urq|2
)
+ φ′′F qq|Vq|2 + ϕ′′F qq|uq|2 + ϕ′F qquqq − ϕ′u˙,
where we use the fact that K > 1 and hence K−1/2 < 1 and absorb the constant into CF .
Next, we can use the ideas of [37] in the elliptic setting to deal with two cases separately (cf.
[23, 36]).
Case 1. Suppose that δλ1 ≥ −λn, where the constant δ will be determined later. First we define
the set
I :=
{
i : F ii > δ−1F 11
}
.
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First we remark that for i ∈ I, we have F kk > F 11 and hence it follows that i > 1 and λ1 > λi.
Using the same discussion as in [37], from (4.38), we can deduce
0 ≥− (1− 2δ)
∑
q∈I
F qq
(
|λ˜1,q|2 − |∇1gq1|2
)
λ21
(4.39)
− C
(
F + λ−11 F kk|∇kg11|
)
+
F qq
6K
∑
r
(
|∇qur|2 + |urq|2
)
− 2ϕ′2δ−1F 11K + 1
2
ϕ′′F qq|uq|2 + ϕ′F qquqq − ϕ′u˙.
Here we choose the positive constant δ small enough so that
4δϕ′2 ≤ 1
2
ϕ′′,(4.40)
which can be easily obtained from the definition of ϕ.
Then we need the first claim whose proof is the same as the one in [37].
Claim. If λ1/K is sufficiently large compared to ϕ
′ (i.e., the choices of D1 and D2 which will be
determined later), then for any ε > 0, there exists a constant Cε with∑
q∈I
F qq|∇1gq1|2
λ21
≥
∑
q∈I
F qq|λ˜1,q|2
λ21
−
∑
r
F qq
12K
(|urq|2 + |∇qur|2)(4.41)
+ Cεϕ
′F qq|uq|2 + εCϕ′F − CF .
Substituting (4.41) into (4.39) gives
0 ≥
∑
r
F qq
12K
(
|∇qur|2 + |urq|2
)
+ Cεϕ
′F qq|uq|2 + εCϕ′F(4.42)
− C (F + λ−11 F qq|∇qg11|)− 2ϕ′2δ−1F 11K
+
1
2
ϕ′′F qq|uq|2 + ϕ′F qquqq − ϕ′u˙.
Using (4.20) again implies
|λ˜1,q|
λ1
=
∣∣φ′(ururq + ur∇qur) + ϕ′uq∣∣(4.43)
≤ 1
2K1/2
 n∑
p=1
n∑
r=2
|∇rup|
+ 1
2K1/2
∑
r
|urq| − Cεϕ′|uq|2 − εϕ′,
where we use Young’s inequality and the facts that φ′ ≤ (2K)−1 and that ϕ′ < 0. This inequality
and (4.22) imply
F qqλ−11 |∇qg11| ≤
1
2K1/2
∑
r
(|urq|+ |∇qur|)− Cεϕ′F qq|uq|2 − εϕ′F .
Substituting this into (4.42) implies
0 ≥
∑
r
F qq
20K
(
|∇qur|2 + |urq|2
)
+ Cεϕ
′F qq|uq|2 + εCϕ′F(4.44)
− CF − 2ϕ′2δ−1F 11K + 1
2
ϕ′′F qq|uq|2 + ϕ′F qquqq − ϕ′u˙.
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Since W (u)ij = (trαZ(u))αij − (n− 1)Z(u)ij , (2.19) and (4.7) gives∑
q
F qqW (u)qq =
∑
q
F˜ qqZ(u)qq
=
n∑
q=1
F˜ qq
∑
r 6=q
Zrqqur
+ n∑
q=1
F˜ qq
∑
r 6=q
Zrqqur

=
n∑
r=1
∑
q 6=r
F˜ qqZrqq
ur + n∑
r=1
∑
q 6=r
F˜ qqZrqq
ur.
This together with (4.9) and (4.10) implies∣∣∣∣∣∑
q
F qqW (u)qq
∣∣∣∣∣ ≤ C∑
q
F qq|uq| ≤ CεF qq|uq|2 + εF ,
where in the last step we use Young’s inequality. Then it follows that
ϕ′F qquqq =ϕ
′F qq (gqq − χqq −W (u)qq)(4.45)
≥ϕ′F qq (gqq − χqq) + Cεϕ′F qq|uq|2 + εϕ′F ,
where we use the fact that ϕ′ < 0. Substituting (4.45) into (4.44) gives
0 ≥F 11
(
λ21
40K
− 2ϕ′2δ−1K
)
+
(
Cεϕ
′ +
1
2
ϕ′′
)
F qq|uq|2 + εCϕ′F(4.46)
− CF − ϕ′F qq (χqq − gqq)− ϕ′u˙,
where we use the fact that |u11| ≥ 12λ21 − CK.
Now we need to use Proposition 4.2.
(a) Suppose that we have F qq (χqq − gqq)− |u˙| > κF . Then (4.46) becomes
0 ≥F 11
(
λ21
40K
− 2ϕ′2δ−1K
)
+
(
Cεϕ
′ +
1
2
ϕ′′
)
F qq|uq|2 + εCϕ′F
− CF − ϕ′κF .
Choose ε > 0 sufficiently small such that εC < κ2 . Next we choose D2 in the definition
ϕ(t) = D1e
−D2t to be large enough with
1
2
ϕ′′ > Cε|ϕ′|.
Then we arrive at
0 ≥F 11
(
λ21
40K
− 2ϕ′2δ−1K
)
− CF − 1
2
ϕ′κF .
Now we choose D1 large enough such that −12κϕ′ > C, then we can get
0 ≥ λ
2
1
40K
− 2ϕ′2δ−1K,
which implies the bound of λ1/K, as required.
(b) Suppose that we have F 11 > κF . With the constants D1 and D2 determined above, |u˙|
and ϕ′ is uniformly bounded and hence can be absorbed in CF . Then using the same
arguments in [37], we can get the uniform upper bound of λ1/K and omit the details here.
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Case 2. Suppose that δλ1 ≤ −λn, and all the constants D1, D2 and δ are fixed as in the previous
case. Since in this case we can absorb the uniformly bounded term −ϕ′u˙ into CF , using the same
discussion as in [37], we can get the uniform upper bound of λ1/K. Here we omit the details.

5. First order estimate
Given the form of the second estimate, we need the first order estimate for u.
Theorem 5.1. Let u be the solution to (1.7) on M × [0, T ). Then there exists a uniform C > 0
such that
(5.1) sup
M×[0, T )
|∇u|2α ≤ C.
First we recall some notations from [43]. Let β be the Euclidean Ka¨hler metric on Cn, n ≥ 2 and
∆ be the Laplace operator with respect to β. Let Ω ⊂ Cn be a domain. Suppose that
u −→ R ∪ {−∞}
is an upper semicontinuous function which is in L1loc(Ω). If
P (u) :=
1
n− 1
(
(∆u)β −√−1∂∂u) ≥ 0
as a real (1, 1) current, then we will say that u is (n− 1)-Psh.
Definition 5.2. Let u be a continuous (n − 1)-Psh function. Then we say that u is maximal if
for any relatively compact set Ω′ ⊂⊂ Ω and any continuous (n − 1)-Psh function v on a domain
Ω′′ with Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω and v ≤ u on ∂Ω′, then we must have v ≤ u on Ω′.
We need the following Liouville type theorem from [43].
Theorem 5.3 (Tosatti and Weinkove [43]; 2013). Let u : Cn −→ R be an (n − 1)-Psh function
which is Lipschitz continuous, maximal, and satisfies
sup
Cn
(|u|+ |∇u|) <∞.
Then u is a constant.
Using the idea of Dinew and Ko lodziej [8] and the Liouville type Theorem 5.3, the argument is
identical to [20] which can be obtained by modifying the argument of [43] in the elliptic setting.
Hence, we can be brief and just point out the main differences.
Proof of Theorem 5.1. Suppose that (5.1) does not hold. Then there exists a sequence (xj , tj) ∈
M × [0, T ) with tj −→ T such that
lim
j→∞
|∇u(xj , tj)|α = +∞.
Without loss of generality, we assume that
Cj := |∇u(xj , tj)|α = sup
(x,t)∈M×[0,tj ]
|∇u(x, t)|α −→ +∞, as j −→∞
and lim
j→∞
xj = x. Fix holomorphic coordinates z = (z
1, · · · , zn) centered at x, i.e., z(x) = 0, and
α(x) = β identifying with B2(0). Also assume that j large enough so that xj ∈ B1(0). Define
uj :M −→ C, given by uj(y) := u(y, tj),
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Φj : C
n −→ Cn, given by Φj(z) := C−1j z + xj =: w,
uˆj : C
n ⊃ BCj (0) −→ C, given by uˆj(z) := uj ◦ Φj(z) = uj
(
C−1j z + xj
)
.
Note that for convenience, we confuse z(x) and z by the local coordinates. The function uˆj
satisfies
sup
BCj (0)
|uˆj| ≤ C and sup
BCj (0)
|∇uˆj |β ≤ CC−1j |∇uj |α(xj + C−1j z) ≤ C,
where we use the fact that the Euclidean metric β is equivalent to the Hermitian metric α in
B2(0). In particular, we have
sup
BCj (0)
|∇uˆj |β(0) ≥ C−1C−1j |∇uj |α(xj) = C−1 > 0.(5.2)
Thanks to Theorem 4.1, we know that
|√−1∂∂uˆj |β ≤ CC−2j |
√−1∂∂uj |α ≤ C ′.
Then the elliptic estimate for ∆ and Sobolev embedding gives that for each compact K ⊂ Cn,
each γ ∈ (0, 1) and p > 1, there exists a constant C with
‖uˆj‖C1,γ (K) + ‖uˆj‖W 2,p(K) ≤ C.
Therefore, there exists a subsequence of uˆj converges strongly in C
1,γ(Cn) and weakly inW 2,ploc (C
n)
to a function u ∈ W 2,ploc (Cn) with supCn(|u| + |∇u|β) ≤ C and (5.2) implies that |∇u|β 6= 0. In
particular, u is not a constant.
Note that (see [43])
βj :=C
2
jΦ
∗
jα =
√−1αpq(xj + C−1j z)dzp ∧ dzq −→ α(x) = β,(5.3)
Φ∗jα = C
−2
j
√−1αpq(xj +C−1j z)dzp ∧ dzq −→ 0(5.4)
Φ∗j̟ = C
−2
j
√−1̟pq(xj + C−1j z, t)dzp ∧ dzq −→ 0,(5.5)
smoothly on compact sets of Cn. Also it is easy to get
Φ∗jZ(uj) =
√−1
(
Zrpquj,r + Z
r
qpuj,r
)
(xj + C
−1
j z)C
−2
j dz
p ∧ dzq(5.6)
=
√−1
(
Zrpq(xj + C
−1
j z)uˆj,r(z) + Z
r
qp(xj + C
−1
j z)uˆj,r(z)
)
C−1j dz
p ∧ dzq −→ 0
uniformly on compact sets of Cn. Then we can deduce
Φ∗j ((∆αuj)α) =
√−1(∆βj uˆj)βj −→ (∆u)β (see [37])(5.7)
Φ∗j
√−1∂∂uj =
√−1 ∂
2uj
∂wk∂wℓ
(xj + C
−1z)C−2j dz
p ∧ dzq(5.8)
=
√−1 ∂
2uˆj
∂zp∂zq
(z)dzp ∧ dzq
=
√−1∂∂uˆj −→
√−1∂∂u
weakly in Lploc(C
n) of the coefficients. In particular, we have
Φ∗j ω˜j :=Φ
∗
j ω˜(tj) = Φ
∗
j
(
̟(tj) +
1
n− 1
(
(∆αuj)α−
√−1∂∂uj
)
+ Z(uj)
)
−→ 1
n− 1
(
(∆u)β −√−1∂∂u) = P (u)
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weakly as currents. Since Φ∗j ω˜j > 0, it follows that P (u) ≥ 0 as currents. From Lemma 3.1, it
follows that functions u˙j ◦ Φj are uniformly bounded. Hence, we have
Φ∗ω˜nj =e
u˙j◦ΦjΦ∗jΩ(5.9)
=
(
√−1)n
C2nj
eu˙j◦Φj+ψ◦Φj (detα)(xj + C
−1
j z)dz
1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn −→ 0
uniformly on compact sets of Cn. From (5.3) and (5.7), we have, for any compact set K ⊂ Cn,
sup
K
|∆βj uˆj −∆uˆj| −→ 0, as j −→∞.
From (5.3), (5.4), (5.6), (5.7) and (5.8), we have
sup
K
|P (uˆj)− Φ∗j ω˜j |β(5.10)
= sup
K
∣∣∣∣ 1n− 1 ((∆βuˆj)β − (∆βj uˆj)βj)−Φ∗j̟ −Φ∗jZ(uj)
∣∣∣∣
β
≤ sup
K
(
1
n− 1 |(∆βuˆj)β − (∆βj uˆj)βj |β + |Φ
∗
j̟|β + |Φ∗jZ(uj)|β
)
converges to zero as j −→ ∞. Noting that P (uˆj) and Φ∗j ω˜j are locally uniformly bounded, (5.9)
and (5.10) implies that P (uˆj)
n converges to zero uniformly on compact sets of Cn, since we have
P (uˆj)
n − Φ∗j ω˜nj = P (uˆj)n −
(
Φ∗j ω˜j
)n
=
(
P (uˆj)− Φ∗j ω˜j
) n−1∑
r=0
(
P (uˆj)
r ∧ (Φ∗j ω˜j)n−1−r
)
.
Then use the arguments in [43], we know that u is maximal. From Theorem 5.3, we know that u
is a constant, a contradiction to ∇u(0) 6= 0. 
6. Proof of the uniqueness and long time existence of the main theorem
In this section, we will give the proof of the uniqueness and long time existence of Theorem 1.4.
To get this, we need the following lemma.
Lemma 6.1. Let u be the solution to (1.7) on M × [0, T ). Then for any ǫ ∈ (0, T ) and every
positive integer k, there is a constant Ck, depending only on k, ǫ and the initial data on M such
that
sup
M×[ǫ, T )
|∇ku(x, t)| ≤ Ck.(6.1)
Proof. Thanks to Theorem 4.1 and Theorem 5.1, we can deduce a priori C2,γ estimates of u from
[4, Theorem 5.3] and the discussion in the proof of [5, Lemma 6.1] directly (cf. [45]). Higher order
estimates can be obtained after differentiating the equation and applying the usual bootstrapping
method. 
Then we can prove the long time existence and uniqueness of the solution in the main theorem.
Proof of the uniqueness and long time existence of Theorem 1.4. The uniqueness is the result of
standard parabolic equation theory. Suppose that T < ∞. From Lemma 3.1, there exists a
uniform constant C such that
|u(x, t)| ≤ |u0(x)|+ T sup
M×[0, T )
|u˙| ≤ C(T + 1) <∞.(6.2)
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This together with Lemma 6.1 and short time existence theorem implies that we can extend the
solution to (1.7) on [0, T + ε) with ε > 0, absurd. We can find more details about this standard
discussion in the proof of [38, Theorem 3.1] (cf.[34, 48]). 
7. The Harnack inequality
In this section we consider the Harnack inequalities of the parabolic equation
(7.1)
∂
∂t
ϕ = L(ϕ)
where L is defined as in (3.1), which are analogs to Li and Yau [26]. Note that Cao [2] stated this
result on Ka¨hler manifolds and Gill [17] also proved it on Hermitian manifolds (cf. [5, 47]). This
is another necessary preparation for the proof of our main theorem. For convenience, we give a
lemma which can be easily obtained from Lemma 6.1 as follows.
Lemma 7.1. Let u be the solution to (1.7) on M × [0, ∞). Then for every positive integer k,
there is a constant Ck, depending only on k and the initial data on M such that
sup
M×[0,∞)
|∇ku(x, t)| ≤ Ck.
Then we give our Harnack inequality as follows.
Lemma 7.2. Assume that ϕ is a positive solution to (7.1) and define f = logϕ and F =
t
(|∂f |2 − αft). There holds
L(F )− Ft ≥ 1
2n
(|∂f |2 − ft)2 − 2Re 〈∂f, ∂F 〉 − (|∂f |2 − αft)− Ct|∂f |2 − Ct,(7.2)
where the definition of |∂f |2 can be found in the proof.
Proof. The ideas are originated from Li and Yau [26], hence we can be brief and just point out
the main differences. For convenience, we introduce some notations as follows.
〈χ, ξ〉 := Θjiχiξj, |∂f |2 := 〈∂f, ∂f〉, |∂∂f |2 := ΘjiΘℓkfiℓfjk, |D2f |2 := ΘjiΘℓkfikfjℓ,
where χ and ξ are (1, 0) forms. By direct computation, we get
L(f)− ft = −|∂f |2,
i.e.,
(7.3) F = −tL(f)− t(α− 1)ft.
Then we can deduce
(L(f))t =
1
t2
F − 1
t
Ft − (α− 1)ftt.
Again direct computation implies
(7.4) Ft = |∂f |2 − αft + 2tRe 〈∂f, ∂ft〉+ t
(
∂
∂t
Θji
)
fifj − αtftt,
and
Fkℓ =t
[(
Θji
)
kℓ
fifj +
(
Θji
)
k
fiℓfj +
(
Θji
)
k
fifjℓ(7.5)
+
(
Θji
)
ℓ
fikfj +Θ
jifikℓfj +Θ
jifikfjℓ
+
(
Θji
)
ℓ
fifjk +Θ
jifiℓfjk +Θ
jififjkℓ − αftkℓ
]
.
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Note that
tΘℓkΘjifikℓfj + tΘ
ℓkΘjififjkℓ(7.6)
=2tRe
〈
∂f, ∂
(
Θℓkfkℓ
)〉
− tΘji
(
Θℓk
)
i
fkℓfj − tΘji
(
Θℓk
)
j
fkℓfi
≥2tRe
〈
∂f, ∂
(
Θℓkfkℓ
)〉
− C1t
ε
|∂f |2 − εt|∂∂f |2
=− 2Re 〈∂f, ∂F 〉 − 2tRe 〈∂f, ∂ (trω˜Z(f))〉 − 2t(α− 1)Re 〈∂f, ∂ft〉 − C1t
ε
|∂f |2 − εt|∂∂f |2
=− 2Re 〈∂f, ∂F 〉 − 2tRe 〈∂f, ∂ (trω˜Z(f))〉 − C1t
ε
|∂f |2 − εt|∂∂f |2
− (α− 1)Ft + (α− 1)
(|∂f |2 − αft)+ (α − 1)t( ∂
∂t
Θji
)
fifj − (α− 1)αtftt
≥− 2Re 〈∂f, ∂F 〉 − C2t
ε
|∂f |2 − εt|∂∂f |2 − εt|D2f |2 − C3t|∂f |2
− (α− 1)Ft + (α− 1)
(|∂f |2 − αft)− α(α − 1)tftt,
where for the first inequality we use Young’s inequality, for the second equality we use (7.3),
for the third equality we use (7.4), and for the second inequality we use Lemma 7.1, Young’s
inequality and the facts that Z(f) is linear of ∂f and ∂f .
Also using Young’s inequality, we have
−αtΘℓkftkℓ =αt
(
∂
∂t
Θℓk
)
fkℓ − αt
∂
∂t
(
Θℓkfkℓ
)
(7.7)
≥− C4t
ε
− εt|∂∂f |2 + αt ∂
∂t
(trω˜Z(f))− α
t
F + αFt + α(α− 1)tftt
≥− C5t
ε
− εt|∂∂f |2 − C6t|∂f |2 + αt (trω˜Z(ft))− α
t
F + αFt + α(α − 1)tftt,
where for the second inequality we also use Lemma 7.1.
According to the definition of F , Lemma 7.1 and Young’s inequality, we can deduce
trω˜Z(F ) =t
(
trω˜Z
(
Θjififj
))
− αt (trω˜Z(ft))(7.8)
≥− C7t
ε
|∂f |2 − C8t|∂f |2 − εt|∂∂f |2 − εt|D2f |2 − αt (trω˜Z(ft)) .
Again using Young’s inequality, we get
tΘℓk
[(
Θji
)
kℓ
fifj +
(
Θji
)
k
fiℓfj +
(
Θji
)
k
fifjℓ +
(
Θji
)
ℓ
fikfj +
(
Θji
)
ℓ
fifjk
]
(7.9)
≥− C9t|∂f |2 − C10t
ε
− εt|∂∂f |2 − εt|D2f |2.
Combining (7.4), (7.5), (7.6), (7.7), (7.8) and (7.9), we can deduce
L(F )− Ft ≥− C5 + C10
ε
t− 2Re 〈∂f, ∂F 〉+ (1− 4ε)t|∂∂f |2 + (1− 3ε)t|D2f |2(7.10)
+
(
C3 + C6 +C8 + C9 +
C2 + C7
ε
)
t|∂f |2 − (|∂f |2 − αft) .
From the Cauchy-Schwarz inequality, we have
|∂∂f |2 ≥ 1
n
(
Θjifij
)2
=
1
n
(|∂f |2 − ft + trω˜Z(f))2(7.11)
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≥ 1
n
(1− ε) (|∂f |2 − ft)2 − Cε|∂f |2,
where for the second inequality we use Young’s inequality.
Then from (7.10) and (7.11), we can deduce (7.2). 
Using Lemma 7.2 and standard discussion, we can get
Lemma 7.3. Using the notations as in Lemma 7.2, for any t ∈ [0, ∞), there exist uniform
constants C1 and C2 such that
|∂f |2 − αft ≤ C1 + C2
t
.(7.12)
Then by this lemma we can deduce the following theorem which will be used in the convergence
discussion.
Theorem 7.4. Using the notations as in Lemma 7.2, for any 0 < t1 < t2, there holds
sup
x∈M
ϕ(x, t1) ≤ inf
x∈M
ϕ(x, t2)
(
t2
t1
)C1
exp
(
C2
t2 − t1 + C3(t2 − t1)
)
,(7.13)
where C1, C2 and C3 are uniform constants.
We remark that the proofs of Lemma 7.3 and Theorem 7.4 are standard discussion. Here consid-
ering the length of the paper, we omit them (see for example [5, 17]).
8. Proof of the convergence in the main theorem
In this section, we will give the proof of the second part of Theorem 1.4. Since the discussion is
standard, we will be brief and just point out the main differences.
Proof of the convergence of Theorem 1.4. For any positive integer m, we define
ξm(x, t) = sup
y∈M
u˙(y,m− 1)− u˙(x,m− 1 + t)
ψm(x, t) =u˙(x,m− 1 + t)− inf
y∈M
u˙(y,m− 1).
These functions satisfy the equation (7.1).
Without loss of generality, we assume that u˙(x,m − 1) is not constant. The maximum principle
implies that ξm and ψm are positive solutions to (7.1). Using Theorem 7.4 with t1 = 1/2 and
t2 = 1, we get
sup
y∈M
u˙(y,m− 1)− inf
y∈M
u˙(x,m− 1/2) ≤ C
(
sup
y∈M
u˙(y,m− 1)− sup
y∈M
u˙(x,m)
)
sup
y∈M
u˙(y,m− 1/2) − inf
y∈M
u˙(x,m− 1) ≤ C
(
inf
y∈M
u˙(y,m)− inf
y∈M
u˙(x,m− 1)
)
,
which implies
θ(m− 1) + θ(m− 1/2) ≤ C (θ(m− 1)− θ(m)) ,
where θ(t) = supy∈M u˙(y, t)− infy∈M u˙(y, t). Then by induction, we get
θ(t) ≤ Ce−ηt,(8.1)
where η = log CC−1 .
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Since
∫
M u˜α
n = 0, we obtain
∫
M
∂u˜
∂tα
n = 0, which implies that there exists a point y ∈ M with
∂u˜
∂t (y, t) = 0. Then we have ∣∣∣∣∂u˜∂t (x, t)
∣∣∣∣ = ∣∣∣∣∂u˜∂t (x, t)− ∂u˜∂t (y, t)
∣∣∣∣(8.2)
=
∣∣∣∣∂u∂t (x, t)− ∂u∂t (y, t)
∣∣∣∣
≤Ce−ηt.
Consider the quantity Q = u˜+ Cη e
−ηt. Then we have
∂Q
∂t
=
∂u˜
∂t
−Ce−ηt ≤ 0,
which implies that Q converges uniformly as t→∞ since Q is uniformly bounded and denote the
limit by u˜∞. Furthermore, we have
lim
t→∞
u˜ = lim
t→∞
Q− lim
t→∞
C
η
e−ηt = u˜∞.
It follows that the convergence of u˜ to u˜∞ is actually C
∞ using the argument by contradiction
and the Arzela-Ascoli theorem. Note that
∂u˜
∂t
= log
(
̟ + 1n−1
[
(∆u˜)α−√−1∂∂u˜]+ Z(u˜))n
αn
− ψ − 1
Volα(M)
∫
M
∂u
∂t
αn.
Letting t −→∞, (8.2) implies
log
(
̟ + 1n−1
[
(∆u˜∞)α−
√−1∂∂u˜∞
]
+ Z(u˜∞)
)n
αn
= ψ + b˜,
where
(8.3) b˜ =
1
Volα(M)
∫
M
log
(
̟ + 1n−1
[
(∆u˜∞)α−
√−1∂∂u˜∞
]
+ Z(u˜∞)
)n
αn
− ψ
αn,
as required.

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